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ALTERNATIVE PROOF OF THE ERDOS SUMSET CONJECTURE

ABSTRACT. In this thesis, we will discuss an ergodic proof of the Sumset Conjecture of Erdds, which asks if every
set A C N with positive upper Banach density contains B + C' for some B,C C N infinite. This result was originally
proved by Moreira, Richter, and Robertson in 2019 using ultrafilters, however in this proof we will adapt the method
of progressive measures recently developed by Kra, Moreira, Richter, and Robertson. We closely follow their proof,
simplifying what we can along the way.

1. INTRODUCTION

Szemeredi’s Theorem states that any sufficiently dense set of the natural numbers must contain arbitrarily long
arithmetic progressions [SzeT5h]. This was proved in 1975 using combinatorial methods, and was originally conjec-
tured by Erdés and Turan in 1936. However, in 1977, Furstenberg provided a new proof of Szemerédi’s Theorem
using ergodic theory and the structure theory of measure-preserving systems in [Fur77], wherein he developed the
Furstenberg Correspondence Principle, which allowed for certain combinatorial statements to be rephrased as dy-
namical statements. This intersection between dynamics and combinatorics has been quite fruitful, improving our
understanding of the general structure of dynamical systems, as well as solving various combinatorial questions.

Szemeredi’s Theorem was conjectured after Van der Waerden proved in 1927 that for any finite coloring of the natural
numbers, then there is a color containing arbitrarily long arithmetic progressions [vdWBL27]. Szemeredi’s Theorem
can be thought of as the ”density analogue” to Van der Waerden’s theorem, asking if instead the assumption that
a subset A C N having positive density in N, a notion defined in the next section, is enough for A to contain
arbitrarily long arithmetic progressions.

Hindman’s Theorem states that for any finite coloring of the natural numbers, one of the colors must contain an IP
set [Hin74]. Given an infinite set B C N, the IP set corresponding to B is all finite sums of distinct elements of B.
In much the same way that Szemeredi is a density analogue of Van der Waerden, a density analogue of Hindman
was also sought after. Due to a counterexample of Strauss, it is known that not every positive density set contains
an IP set, see [Hin79]. However, something close was achieved last year by Kra, Moreira, Richter, and Robertson.

The Density Finite Sums Theorem proved in [KMRR26] gives the best analogue known thus far, that for any
positive density set A and for each k, there is an infinite set By whose sums of distinct elements of length at most
k are contained in (possibly a shift of) A. Notice that Hindman supplies us with a color and an infinite set B so
that the IP set for B is contained in that color, while this density analogue provides us only with an infinite set
that depends on k, whose sums up to length k land in A, or a shift of it. In the density analogue, we do not have
an IP set contained in A, rather for each k we can get a ”truncated” IP set.

The question we will answer in this thesis is the Erdés Sumset Conjecture: Given a subset A C N of positive density,
does there exist a pair of infinite sets B, C' C N so that B+C = {b+c: b € B,c € C} C A? This was proved in 2019
by Moreira, Richter, and Robertson using ultrafilters [MRR19], and a generalization of it was later proved by Kra,
Moreira, Richter, and Robertson using ergodic theory [KMRR23], specifically using the theory of cube measures.
This conjecture immediately follows from the Density Finite Sums Theorem, however the purpose of this thesis was
to learn more about this area by recreating the proof of the sumset conjecture using the techniques developed in
[KMRR26] and to see what can be simplified along the way, and to illuminate the main ideas of the newer work in
a simpler situation.

The organization in this work is very similar to that of [KMRR26], we will collect some useful results from ergodic
theory, as well as set up and prove the correspondence principle in the preliminary section. In the third section, we
will define and discuss what progressive measures are and how they relate to the problem at hand, completing the
setup of the problem and essentially reducing it to the existence of progressive measures. In the fourth section, we
will produce a measure that will be shown to be progressive, as well as some of its properties. In the fifth and final
section, we will carry out the technical work to show that our candidate measure is indeed progressive, completing
the proof.
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We now formulate and state the main result.

Definition 1.1. For a subset A C N, we define the positive upper Banach density of A, denoted d*(A), as

Sl sup ADIM L M N
N—00 preN N

Theorem 1.2. If A C N has d*(A) > 0, then there exist infinite subsets B,C C N with

B+C={b+c:beB,ceC}CA

2. ERGODIC PRELIMINARIES

Ergodic theory and measure theory: We will state several definitions and clarify the notation we are using.
A compact metric space X and a homeomorphism 7' : X — X (X, T) is a topological dynamical system. A Borel
probability measure p on X is said to be T-invariant if u(T~1A) = u(A) for every Borel set A C X, and the
tuple (X, u, T) is a measure-preserving system, abbreviated sometimes as m.p.s (measure-preserving system). An
m.p.s is said to be ergodic if T~'A = A implies u(A) = 0,1. For f € L?(X,pu), we denote by T'f the function
Tf(z)=f(Tz). Y Tf = f p-almost everywhere, we say f is T-invariant, and if Tf = A\f p-almost everywhere for
some A € C, then we say f is an eigenfunction of T" with eigenvalue .

For a sequence of finite subsets of N, ® = (® ) nen, we say @ is a Fglner sequence if

P 1)Nno
i (@ +D0eN|

1.
N —o0 |(I3N|

For a measure preserving system (X, u,T), f € L?(X, i), the average below converges in L?(X, i) to

1

onl > foT™ —Prf,

ned

where Py is the projection to T-invariant functions. When the system is ergodic, Prf = [ fdu. This is the mean
ergodic theorem, see Chapter 2 of [EW10)] for the statement for the average % Zg;ol and Chapter 8 for the general

Folner statement.

Let M(X) denote the set of probability measures on X, note that M(X) is compact when equipped with the
weak-* topology. For a continuous map S : X — X, y € M(X), denote by S,u the pushforward measure of p by S,
S.p(A) = p(S71A). Given a topological system (X, T), the set of T-invariant probability measures on X, M7 (X)),
is also compact and nonempty, see the fourth chapter of [EW10]. We will Theorem 4.1 from [EW10] frequently,
namely that if {v,} C M(X), and if ® is a Fglner sequence, then any subsequential limit of the sequence

1 n
(%) UN = @ Z (T)vn

will be in MT(X), note such a limit exists by compactness.

Sketch of Proof of Theorem 4.1 of [EW10]. Let u be a subsequential limit of the sequence @7 and let f € C(X).
We will show [ fdu = [ f o Tdp, this is equivalent to p being T-invariant by a standard density argument. Then
pick N > 1, it follows that we can approximate

i from
’/fduN—/fonuN‘

by
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by simply applying the triangle inequality twice. But this term vanishes, using the definition of p and pushforward,
we get

‘/fdMN—/fon,uN’: ﬁ Z /foT”an—ﬁ Z /foT”“dun

nedy nedy

1 / 1
= |— foT"dv, — —— /foT”dl/n
PN | neZ{)N PN | 2

nedy+1

| 3 /foTnan < Hf”ww_

|| ned N A(®x+1) ||

The definition of Fglner sets guarantees that this last term will vanish. |

Remark. We include this sketch because this theorem is used so often, and because it highlights how Fglner sets
are great tools for constructing invariant objects. Nothing is special about this proof over N, Fglner sets can be
generalized to amenable groups and used to create invariant measures in much the same way as was done above.

If (X, u, T) and (Y, v, S) are two measure-preserving systems and if 7 : X — Y is a surjective Borel-measurable map
with moT = Som, we say Y is a measurable factor of X and 7 is a factor map. There is a natural correspondence
between factors of measure-preserving systems and T-invariant sub o-algebras of the Borel o-algebra of X, see
([EW10], Lemma 6.4, Theorem 6.5). To each factor (Y,v,S) of (X, u,T), there is a sub o-algebra of the Borel
o-algebra of X, call it %. Specifically, # = o(7 =1 %y ), where By is the Borel g-algebra of Y, and for . C P(X),
o(F) is the smallest o-algebra containing .%.

If (X,u,T) > (Y,v,S) is a factor of systems, then for f € L'(X, ), we can consider the expectation of f against
%, E,(f|%) € L*(Y,v). This is the unique function in L'(Y,v) with the property that for every A € 4,,

[ Bsiar= [ s

Observe that as a consequence, E,(f oT|%) = E,(f|#) o S almost everywhere. Usually we will omit the p in E,,
only including it to avoid confusion.

Kronecker factors of ergodic systems: ([EWI0], Theorems 4.14, 6.11) Every ergodic system (X, u,T) has a
largest factor (Z1,mz,, R) which is isomorphic to rotation on a compact abelian group, where mz, is the Haar
measure on Z; and R(z) = z + « for some a € Z;. This factor is called the Kronecker factor. Let 27 denote
the o-algebra corresponding to the Kronecker factor. 27 is the smallest o-algebra with respect to which all of the
T-eigenfunctions are measurable. For a compact abelian group G with Haar measure m¢, g € G, the following are
equivalent:

(a) Let Ry : G — G denote the map Ry(h) = h + g. Ry ergodic with respect to mg.
(b) R4 uniquely ergodic. (I.e. there is only one invariant measure for R)
(¢) {g":n €Z} is dense in G.

For the Kronecker factor (Z1, mz,, R) of a system (X, u, T), we will typically denote the rotation R on Z; by T, a
slight abuse of notation.

For (X, pu, T) m.p.s, a € X, we say a € gen(u) if

Note that given any point « € X, ® Fglner, we can find a T-invariant measure p so that = € gen(u, ®) by applying
Theorem 4.1 of [EWI10] to v, = 0.
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When (X, u, T) is ergodic, then u-a.e. point x € X is generic for u, this is a consequence of the Birkhoff pointwise
ergodic theorem. See Chapter 2 of [EW10].

Before Szemeredi’s Theorem was proved in 1975, which showed that positive density sets contain arbitrarily long
arithmetic progressions, Roth proved in 1953 that arithmetic progressions of length three can always be found in
positive density sets in [Rot5H3]. We state the dynamical version of Roth’s theorem, which we will use later.

Theorem 2.1 (JEW10], Theorem 7.14). Let (X, u,T) be a measure preserving system, fi, fo € L (X, u), then the
average

1 N
NZfloT"-fgoTQ”
n=1

converges in L*(X, ). In particular, if p(A) > 0, then

N-1
o1 _ 9
hmlan E wWANT"ANT"A) > 0.

N—00
n=0

Remark. While Roth’s Theorem is stated above as
] N-1
Pl - -n —2n
l}wgloan%Ou(AﬂT ANT="A) >0,

more than this is true, specifically that if ® is a Fglner sequence, then the average is still positive, i.e.

N—oc0

1
1iminf—|q) | > wANTTANT " A) > 0.
N
nedy

This can be seen by examining the proof of Theorem in [EWI0] and observing that the key theorems used are
still valid over Fglner sets. Thus we will use the result over general Fglner sets freely.

Theorem 2.2 ([Fur81], Furstenberg Correspondence Principle). For any A C N of positive upper Banach density,
there exists a measure-preserving system (X,p,T), a € X with p({T"a:neN}) =1 and E C X open with
w(E) =d*(A) > 0 so that

A={n:T"a € E}.

Proof. Let x4 € {0,1}% be the indicator function of A, namely

1 neAd
X“‘(”):{o ngA

Consider the left shift map o : {0,1}2 — {0,1}%, ow(n) = w(n + 1), and form X := {6y : n € Z}. Since A C N
has positive upper Banach density, then there is a sequence (My)y C N so that

AN {My +1,...,My + N}| _

i N 4*(4)-
Define a sequence of probability measures on X by
| MytN | MytN
PN =5 Z Oonya = N Z (0)20xa-
n=Mn+1 n=Mn+1

Take a weak-* convergent subsequence of these measures and call the limit . Then p is o-invariant, see ([EW10],
Theorem 4.1). Let F = {z € X : 2(0) = 1}, E is both closed and open in X, and thus we have that uy(E) — u(E).
Observe that o™ xa € F <= 0c"xa(0) =1 <= xa(n) =1 <= n € A, using this we can unpack the definition
of un(F) to get

1 MY 1
v (B) = 5 D7 onxa(B) = 1 [AN {My +1,..., My + N}
Mpy+1
So un(E) — d*(A), and as we mentioned, E being clopen implies that ux(F) — u(E), so u(E) = d*(A4) > 0. We
also have that o™ x4 € F <= n € A, so we have everything we sought to find. |
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Remark. The reader is encouraged to try to use Theorem and Theorem to prove Roth’s theorem on
arithmetic progressions: If d*(A) > 0, then A contains an arithmetic progression of length three, specifically that
there exist a € A,k € N so that {a,a + k,a + 2k} C A.

3. CONNECTING SUMSETS TO DyNAaMICS: ERDOS PROGRESSIONS

We will now state the main dynamical definition and result we need to prove Theorem [1.2

Definition 3.1. Let (X, i, T) be a measure preserving system. We say (zg,21,22) € X° is an Erdés progression
if there is an increasing sequence ¢ : N — N so that Tc(")xo — T, T py — xo.

Our goal will be to find Erd6s progressions with a prescribed starting point and an endpoint in a prescribed open
set, or a preimage of it. Taking a preimage may be necessary in general, as the method of Erdds progressions was
originally used in [KMRR26] to prove that for every A C N of positive upper Banach density, k& € N, there is a
b: N — N increasing and a ¢ > 0 so that {b(i1) + -+ + b(ig) : 41 < i2 < -+ < i} C A —+t. To see that the
shift is necessary, consider the case k = 2 and A = 2N + 1. Then for any sequence b : N — N, there is a pair of
elements b(i), b(j) of the same parity, and thus their sum b(i) + b(j) is even and cannot land in 2N + 1. As will be
demonstrated in the proof of Theorem [I.2] we can “absorb” the shift into one of the sets B, C, so the shift present
in the statement of Theorem should be seen as a side effect of directly adapting the methods from [KMRR26].

Theorem 3.2. For any measure preserving system (X, u,T), a € X with p({T™a:n € N}) =1, E C X open with
w(E) > 0, there exists an Erdds progression of the form (a,x1,r2) with 1o € E or 1o € T™'E.

It is not yet clear how Erdos progressions will lend themselves to producing sumsets. In the next lemma, we will
demonstrate how Erdds progressions naturally give rise to sumsets in the return times of xy to neighborhoods of
Xa.

Lemma 3.3. Let (X,u,T) be a measure preserving system, and suppose that (xo,x1,x2) is an Erdds progression,
and that xo € E, where E C X is open and u(E) > 0. Then there is an increasing sequence b: N — N so that

{b(@) +0b(j): i #j,i,jeN} C{neN:T"zy € E}.

Proof. We will produce a family of open sets in X {U; ; }gigm and an increasing sequence (b(n)) with
(1) U;,; is an open neighborhood of z; for every j.
(2) Tb(j)xi,1 € Ui,jfl for i = 1,2,5 € N.

Define Uy ; = X,U, ; = E for all j, and define U; o = X,. Since T gy — 9, there is ny € N so that 7<) g, € E.
Define U ; = T—<(m) E and b(1) :== ¢(n1), U1, is an open neighborhood of z, and 7'My € Uso = E, "Wz, e
Ui,0 = X. Now there is ny € N, ng > ny so that both Tem2) g e Ui,1 and T2y € Us,1 = E. Define b(2) := ¢(n2)
and Uy 2 :=U;1 N Tﬁb(2)U271 =U;1N T*b(2)E, and observe that Tb(2):c0 € Ul,l,Tb(z)xl €Uz =FE.

Let k € N, and suppose we have chosen {U1 ; }o<j<k—1 and b(1),...,b(k—1) in accordance with (1), (2). Then U; _1
is an open neighborhood of z1, so there is ny € N with ng > ng_1 > --- > n; and Tew) g € Ul,k_l,TC(”k)xl c k.
Define b(k) = c(ny), Uy = Ui g1 N TP Uy 1 = Uy 1 N TP E. Now T°®zg € Uy jq and T"Way €
Us,x—1 = E, so by induction we can produce such a family of open sets and a sequence (b(n)) satisfying (1), (2).

Observe from the definition of the sequence U, ; that if k < j, then Uy ; C Uy i, since Uy j = Uy ;1 NT YU E. Now
consider i # j, say i < j. Then T"Wxy € Uy ;1 C Uy, since i < j — 1, and since Uy ; = Uy ;1 N T *DE, we have
that T°Wg, € TP E, je. TPO+U) g, ¢ E. [ ]

With the connection between Erdds progressions and sumsets being more clear, we will show that Theorem [3:2]
implies Theorem [I.2] with an application of the correspondence principle, and thus our new goal will be to prove
Theorem [3.21
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Proof that Theorem [3.3 implies Theorem|[I.3 Let A C N have positive upper Banach density, then there is a
measure-preserving system (X, u,T), a point a € X with p({T"a:n€N}) = 1, and E C X with u(E) > 0
with A = {n € N: T"a € E}. Then from Theorem we have an Erdés progression (a,x1,z2) with x4 € E or
T71E, say 2o € T7'E, t € {0,1}. Let b(n) be the sequence guaranteed by Lemma then we have

{b(i)+b(j):i#j}C{neN:TacT'E}={meN:T"a € E} —t,
{b(@)+b(j):i#j}+tC{meN:T"a € E}.
Define B = {b(2n) : n € N},C = {b(2n+1)+¢ : n € N}, then forany b € B,c € C, b =b(2n),c = b(2m+1)+t, and so

b+c=0b2n)+b2m+1)+t € {b(i)+b(j) :i £ j}+tC{meN:T"a € E}, thus B+C C {meN:T™q € E} = A.
|

To produce Erdos progressions, we will want to work with generic points rather than points whose orbit is dense in
supp(u) for reasons that will become apparent in the next section. We will state a new dynamical result that looks
like Theorem with generic points in place of points @ € X with pu({T"a : n € N}) = 1 and show that this new
theorem implies Theorem [3.2] via an ergodic decomposition argument. We will then spend the rest of the thesis

proving Theorem

Theorem 3.4. Let (X, u,T) be an ergodic system, Folner sequence ®, a € gen(u, ®), E C X open with u(E) > 0.
Then there is an Erdés progression of the form (a,xz1,z2) with xo € T'E, t =0,1.

Proof that Theorem [3.]] implies Theorem[3.3 Let (X, u,T) be any measure preserving system, a € X with
p({T™a:n eN}) =1,

and E C X open with u(E) > 0. Let Y, = {T"a : n € N}, then (Yy, uly,,T) is itself a measure preserving system,
where uly, (F) = p(FNY,). Define ply, :=v. So let (v;)zcy, be an ergodic decomposition of v, then there exists
a v, ergodic with v, (E) > v(E) > 0 since [, vedv(z) = v by ([EWI0], Theorem 6.2). Moreover, by ([Fur81],

Proposition 3.9), since v, is ergodic for (Y,,T), then there is a Fglner sequence ® so that a € gen(v,, ).

Altogether, we have (Y, v,,T) ergodic, a € gen(v,, ®), and ENY, open in Y, with v, (E) > 0, so by Theorem
there is an Erdds progression (a,x1,x2) with 2o € T"Y(ENY,) C T"'E, so we have shown Theorem [3.2 |

We move on to the next section where we introduce the notion of a progressive measure. Their purpose will be to
produce Erdds progressions in sets of positive measure.

4. PROGRESSIVE MEASURES

Given a topological dynamical system (X,T), we will denote the diagonal transformation 7' x T x --- x T on
XXX x---xX by Th.

Definition 4.1. Let (X,T) be a topological dynamical system. A measure v € M(X?) is progressive if v({a} x
X?) =1 for some a € X, and if for any U;,U; C X open with (X x Uy x Us) > 0, then there are infinitely many
n so that

(4.1.1) V(X x Uy x Us) NTA"(Uy x Uy x X)) > 0.

Lemma 4.2. Let (X, T) be a topological dynamical system. If v is a progressive measure, a € X with v({a} x X?) =
1, then for any Uy, Us C X open with v(X x Uy x Uy) > 0, there is an Erdds progression of the form (a,x1,x2) with
x; € U; fori=1,2.

Proof. Let Up,Us C X be open sets with v(X x Uy x Uz) > 0. Then there are infinitely many n satisfying (4.1.1).
We will construct, using (4.1.1) at each step, a particular decreasing family of open sets in X? with decreasing
diameter and of positive 7,v-measure, where 7 : X3 — X2 is given by 7(x1,22,23) = (22,73). After taking the
intersection of this family, we will arrive at a singleton set which will form our Erd6s progression in conjunction
with a.

Define Vo = Uy x Us. To define Vi, let ny be such that v((X x Vo) N T (Vo x X)) > 0. Then there is
some (a,y1,y2) € supp(r) N (X x Vo) N TLA" (Vo x X)), so define Vi to be an open ball around (yi,y2) with
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diam(V;) < 4 diam(Vp) and {a} x Vi C (X x Vo) NTx"™ (Vo x X). It follows that v(X x V;) > 0 since X x V; is an
open ball around (a,y1,y2) € supp(v). We will define the rest of the open sets in the same way by induction.

Suppose we have already chosen Vy,...,Vi_1 and n; < --- <mng_1 so that for j =0,...,k — 2,
(a) {a} x Vi1 C (X x V)N T2 (V) x X).

(b) V(X x Vy4) > 0.

(¢) Vis1 CVj.

() diam(V41) < § diam(V;).

Since v(X x Vi_1) > 0, then there is some ny > ni_1 so that v((X x Vi_1) N TR "™ (Vk—1 x X)) > 0, thus we can
pick (a,z1,22) € supp(v) N (X x Vi) NTR"™" (Vi—1 x X). Define V} to be an open ball around (a, 21, 22) with
radius small enough so that diam(V},) < 1 diam(Vj_1) and so that {a} x Vi, C (X X Vi—1)NTR "™ (V-1 x X). Then
each condition laid out above is satisfied, either by definition or as an easy consequence of our choice of V. Thus
by induction we can define such a sequence {X x V;}22, as well as a sequence {n;}32, all satisfying (a) — (d).

Consider now the intersection of the closures of all the Vj, (72, V; C X?. Since diam(V;) = diam(V}), then
diam(V;) — 0 as j — oo, and X compact implies each V; is compact, thus ﬂ] “o Vi = {(z1,22)}. We claim that

(a,21,72) is our Erdés progression with the sequence c(i) = n;. Observe that for each n;, Tx’(a,71) € V;_1 from
condition (a), and since diam(V;_1) — 0, then T™ (a,z1) — (1, 22), thus we have an Erdés progression. [ |

We are then left with the task of proving that every ergodic system (X, u,T') has a progressive measure supported
on any of its quasi-generic points, and that if E is open and u(E) > 0, then the set X x X x F or X x X x T~'F has
positive v-measure in order to satisfy Theorem We will restate this as a theorem, after which we will proceed
to define a candidate measure which we will spend the rest of the paper proving is progressive.

Theorem 4.3. Let (X, u,T) be an ergodic system, ® a Folner sequence, a € gen(u,®), E C X with u(E) > 0.
Then there exists a progressive measure o € M(X3) with o({a} x X?) =1 and o(X x X x T7tE) > 0 for some
te{0,1}.

Proof that Theorem [{.3 implies Theorem[3.4} By Lemma [£.2] if o is progressive and o({a} x X?) = 1, o(X x X x
T~'E) > 0, then there is an Erdds progression (a,x1,r2) with xo € T'E. This is precisely what Theorem
demanded. ]

Recall that every ergodic system has a largest factor that is isomorphic to rotation on a compact group, some useful
facts about this factor are collected in the introduction.

Definition 4.4. Let (X, pu,T) be an ergodic system, ® a Fglner sequence, a € gen(u, ). We define the measure
& on Zy x Zy to be the following. Let m; : X — Z; denote the factor map from X to its Kronecker factor. Then
define

§= Jm o |<1>N| n; 07 (my (a)) X 720 (1 (a)

Proposition 4.5. The measure § exists, is independent of ®, and its marginals satisfy &1 = mz,, 2 = (Ry, (a))«Ma2z, -

Proof. Let Y = {(2,22) : 2 € Z1} < Z%, we claim & = (R(x,(a),m1(a)))+ My, Where my is Haar measure on Y.
Since (X, u,T) is ergodic, then (Z1,mz,,T) is ergodic. So if « is such that T'(z) = z + «, then {na : n € Z} is
dense in Z; (see the comments in the preliminary section about compact groups under rotation). It follows that
{(na,2na) :n € Z} isdense in Y = {(z,2z2) : z € Z1}. Now & is a weak-* limit of

1

2
& = g1 2 (T X T @m @)
N nedy

(R(=m1(a),—mi (a)) €N = |¢ | D (T X T*)ubee) = My = (R, (a)—m(a)))#E5

nedy
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the second convergence is due to both (JEWI10], Theorem 4.1) and our comments about Kronecker systems in
the preliminary section. (R(_r,(a),—m (a)))+{n Will limit to a T x T2-invariant measure supported on Y, and our
preliminary remarks imply that any measure invariant under rotation by an element with dense orbit must be the
Haar measure. The uniqueness of this limit gives independence of the Fglner set ®. This yields what was desired,
that € = (R(Wl(a)ml(a)))*my.

From the definition of &, its first marginal can be computed as

1

& = lim —— Oy (a) = Mz,
! N—oo |‘I)N| nEZ(’:N T (2) '

since the partial sums @—11” Eneqm d7nr, (a) converge to a T-invariant measure on Z1, and by unique ergodicity this
must be the Haar measure.

We have that its second marginal & = (Ry, (q))«Maz,, as

. 1
52: hm m Z 6T2n7-r1(a),

N—oc0
nedy

and by the argument we laid out above, since {(2n)a : n € Z} + mi(a) is dense in 2Z; + 71(a), then & =
(Rr,(a))sm2z, - [ |

Definition 4.6. Let (X, y, T) be an ergodic system, ® Folner sequence, a € gen(u, ®), { as in Definition [4.4] We
will now define our candidate progressive measure. Define o € M(X?3) as follows. For fo, f1, fo € C(X), denote by
fo ® f1 ® fa the function fo(wo)fi(z1)f2(22) on X3. Then define

/ fo® f1 ® fado = fo(a) / E(h| %) ® E(f2| ) de.
X3 z2

This candidate measure is progressive when the system (X, u, T') has continuous factor map to its Kronecker factor,
and the following proposition will allow us to reduce to that case.

Proposition 4.7 ([KMRR23|, Proposition 3.20). Let (X, u,T) be an ergodic system, a € gen(p, ®). Then there
is an ergodic system (X, [, T), a Folner sequence ¥, a € gen(fi, ¥), and a continuous factor map w: X — X with
m(a) = a such that (X, i, T) has a continuous factor map to its Kronecker factor.

We claim that for every ergodic system with continuous factor map to its Kronecker factor, and for every quasi-
generic point a, o is progressive and satisfies positivity of X x X x T'E.

Theorem 4.8. Let (X, u,T) be an ergodic system with continuous factor map to its Kronecker factor, ® Folner
sequence, a € gen(u, ®), £ C X open with u(E) > 0. Then if o is defined as above, c(X x X x T7'E) > 0 for
some t € {0,1}.

Proof. Since (X, u,T) is ergodic, then its Kronecker factor (Z1,mz,,T) is also ergodic. If @ € Z; is such that
T(z) = z + «, then {na : n € Z} is dense in Z;. We claim that the subgroup 2Z; = {2z : z € Z1} < Z; has
[Zl : 2Z1] = 1,2

To prove the claim, suppose 27 # Z7, we will show that it has index two. We have that {(2n)a : n € Z} is dense
in 277 and that {(2n + 1)a : n € Z} is dense in 2Z; + a. With this, since {(2n)a:n € Z} U{(2n+ )a:n € Z} =
{na :n € Z}, and noting Y UX =Y U X, then we see that 27; U (27 + «) = Z1, so indeed, [Z; : 27;] = 2.

In the case where 277 # Zj, notice that maz, (A) = 2myz (A N 27Z;), and so Tumaz, (A) = maz, (A — a) =
2mz, ((A—a)N2Zy) = 2mz (AN (2Z; + «)), noting that (A —a)N2Z; = AN (2Z; + a) — o and using shift-
invariance of myz,. Thus we have

Maz, +Timaz, = 2mz,

as (maz, + Timaz, )(A) = 2(mz, (AN2Z1) + mz, (AN (221 + a)) = 2mz, (A) since 27, U (221 + a) = Z;. Recall
that & = (R, (a))+M2z,, s0 we have that {3 + T.&e = 2mz, .
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Now if E C X is open and u(E) > 0, then there is f : X — [0, 1] continuous so that supp(f) C E and [ fdu > 0,
then

*) a(XxXxE>z/ 191® fdo=1- / E(xx|2) @) E(f12) ()dé,y) = | E(f120)(w)dés(y).
xe =1 a.e. o
So we have

( B2 (a6 + T.6))

MM—*

o</Xfcm= | B2 )dma, () =

1( B2 + | E(fli"i)(T(de&g)

[\]

( E(J120) (y)dés + E(foT%)(y)dﬁz)

Zy

_1
2
1
<5 (0 c(X x X xE)+0(X xX xT'E)),
a(

since supp(foT) C T™'E. Soone of (X x X x E),0(X x X x T~'E) must be positive, which is what we wanted.

If 27y = Zy, then & = (Ry, (q))+Mz, = Mmz,, so using (x),

X xXxE) > [ BUI%) W) = [ fims, >0

So we have what was desired in all cases. [ |

Remark. The assumption of a dense cyclic subgroup is necessary for this fact about 2Z; to be true. If G =
[1;2,(z/2Z), then every element g € G has 2g = e, so 2G = {e} has infinite index in G, but G is missing a dense
cyclic subgroup.

Remark. The proof of Theorem shown here is not the original proof provided in [KMRR26], nor is it the
original theorem statement. Thanks to a suggestion by Professor Bryna Kra, we were advised to investigate
X x X x T7tE, as in the original work, this theorem showed o(X x T™t*E x T—'E) > 0. This was necessary in
their case, as the combinatorial goal of the paper was more delicate, but in our case it was only necessary to show
o(X x X x T7'E) > 0. This simplified the proof of this theorem, as in the original work, the proof of positivity
required use of the Furstenberg Joining and relating averages of ¢ to the joining, while in this thesis, the proof of
positivity is elementary.

Theorem 4.9. Let (X, u,T) be an ergodic system with continuous factor map to its Kronecker factor, ® Fuolner
sequence, a € gen(u, ®), E C X open with u(E) > 0. Then if o is defined as above, o is progressive.

We will prove this theorem in the next section. With all three of these theorems, we can finally prove Theorem

Proof that Proposition[[.7 + Theorem[[.8 + Theorem[{.9 imply Theorem[]-3 Let (X, u,T) be an ergodic system,
® a Folner sequence, a € gen(u, ®), E C X with u(E) > 0. Let (X,/,T) be an ergodic system with continuous
factor map to its Kronecker factor, ¥ a Fglner sequence a € gen(i, V), : X = X a continuous factor map
with m(a) = a, all of which exist by Proposition Then there is a progressive measure & € M(X?) with

&({a} x X?) =1, and since E C X is open, then 7 1E is open in X. Additionally, (7' FE) = u(E) > 0, so there
is some t € {0,1} with 6(X x X x T~(z"'E)) > 0.

Define 7% : X3 — X3 by 73(z1, 2, 23) = (7(21), w(22), m(x3)), 0= (7 3).G. Note that o({a} x X2) =o(r a} x
X?2) = 1since n(@) = a, and o(X x X x T'E) = 6(X x X x 17 Y (T'E)) = 6(X x X x T"'(n"'E)) > 0. We
claim o € M(X?3) is a progressive measure on X, once we have proved that, then we will have Theorem If

o(X x Uy x Uy) > 0, then (X x 771U, x 7 1Uy) > 0, so there are infinitely many n with &((X x 771U, x 7~ 1Us) N
TR (r Uy x 77y x X)) > 0, and 6((X x 77Uy x 7o) N TR (71U x 771Uy x X)) = o((X x Uy x Uz) N
TA"(Up x Uy x X)), so indeed, o is progressive, and thus we have Theorem [ |

Before we prove that o is progressive, we collect and prove two useful facts.
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Lemma 4.10. ¢ is Id x T x T?-invariant, and its marginals o; = (m;).0 for i = 0,1,2, where m; : X®> — X is
mi(xo, 1, 22) = x;, satisfy

0o = 6@701 S My, 02 S 2/1/

Proof. 1t suffices to check that [ go(IdxT x T?)do = [ gdo for each g € C(X?), using Stone-Weierstrass we check
this for functions of the form fo ® fi ® fo with f; € C(X). Let fo ® f1 ® fo € C(X?), then

| (oo fre f) o 1dx T x Ts = fo(a) | B0 TIZ) @ B0 T 20)d¢
= foa) | B(1125) 0T & B(fl23) 0 T
i 7 x Thimariant = fola) | B(AIZ) @ B(fl 23)de

Z/ fo® f1 ® fado.
X3

For the marginals of o, that oy = 4, is obvious, for the others, using Proposition

[roroiin= [ B2y 01 = [ E(r120d6 = [ BG\Z)dnz, = [ fdu,
[ro1epio= [16B(120d = [ B2 <2 [ B Z)dmz, =2 [ gan

since 52 = (R‘n'l(a))*mZZl S szl. |

Before embarking on the proof of progressiveness, we summarize the reduction from the original problem to proving
progressiveness of o. Once we have shown that for any a € gen(u, ®), the corresponding measure o is progressive,
then we will know that for any open set F C X with u(E) > 0, there will exist an Erdés progression (a,z1,z2)
with 2o € E. Erd6s progressions, in turn, give rise to sumsets in the return times of a to open neighborhoods of x5,
namely E. Then by the correspondence principle, we know that any positive density set can be encoded as return
times of a point a to E. Writing out the implications in a chain, the reduction can be laid out as follows:

Proposition —|— Theorem —|— Theorem = Theorem via Lempa B2 o oremm ergodig Leguction
Theorem |§| via Lemma B3 pporem El

All that remains is to prove Theorem which requires the most work out of the theorems we have proven so far.

5. PROVING o IS PROGRESSIVE

Theorem 5.1. Let (X,T) be a topological dynamical system, ® a Folner sequence, and v € M(X?) be T x T?-
invariant. If G : X* — [0,1] is continuous and [, Gdv > 0, then

1
(5.1) liminf —— 37 / G- (T2G)dv > 0.
X2

N—oo |(I)N| nedy

Theorem 5.2. Let (X, u,T) be an ergodic m.p.s with a continuous factor map to its Kronecker factor, ® a Folner
sequence, and a € gen(u, ®). Then for any continuous G : X? — C, we have:

0.

(5.2) lim || — > (TR(G®1)-TR(1®G))

L2 (o)

Before proving either of these theorems, we will show that they do, in fact, prove Theorem

Proof that Theorem[5.1] + Theorem[5.9 imply Theorem[{.9 Let Uy, Uz be open in X, and suppose o(X x Uy xUs) >
0. We wish to show that for infinitely many n, o((X x Uy x Ua) NTA"(Ur x Uy x X)) > 0. Let fi1, fo € C(X) be
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such that supp(f;) C U;, 0 < f; <1, and fX3(1 ® f1® fa)do > 0. Now by applying Theoremto 0 = 1,0, where
¥ X3 — X2 is given by (21,22, 73) = (v2,23), we see that since & is (T x T?)-invariant,

fmint o 3 [ Q0 f©f) TRAS Ao fdo < lmint w3 [ (10 R) TR @ f2)d5 >0

N—o00 |<I>N
nedn nedPn

Furthermore, we claim that by applying Theorem [5.2) we have

1 1
lim inf —— 1 -TR(1 = liminf —— 1 TR 1)do.
imin O ;N/X?’( @R f2) TA(1® f1 ® fo)do }\?S& @] ;;N/XB( R f1® fa) TA(f1 ® fa®1)do

N—o00

This can be seen by applying the Cauchy-Schwarz inequality to the difference of the terms of each sequences,
followed by taking the limit inferior.

liminf%‘ Z/ (1@ fi®f2) (TRA® f1 @ f2) = TR(f1® fo @ 1))do <
X3

N—o00 ‘(I) o
nedy

%\ S (TR0 Ao H) -T2 fe1)

liminf 1@ fi @ fall2(0) - B
nedy

L2(o)

The same computation with 1 ® fi; ® fo and f; ® fo ® 1 interchanged proves the claim above. Altogether, we have
the following string of inequalities,

1
liminf —— X " X
im inf B ng@N (X x Uy x U) NTA™(Ur x Uy x X))
> liminf —— }j/ 18 f & f) T ® fo®1)do
~ N—oo |<I>N| nED X3 AL

—liminf _— Z/ (1®fi® f2) - TRA® f1 ® fa)do > 0.
X3

N—oo |‘I)N| nedy

Then we necessarily have infinitely many n so that o((X x Uy x U2) N TA"(Ur x Us x X) > 0, proving that o is
progressive. |

We first prove Theorem via the following lemma which only requires Roth’s theorem, Theorem [2.1

Lemma 5.3. Let v € M(X?) be a T x T?-invariant measure. If Ay, Ao C X are such that v(A; x Ag) > 0, defining
A= Ay X Ag, then for any Folner sequence (Py) = @, we have that

1
(5.3) liminf —— v(ANT, ™"A) > 0.
N —o00 |¢N| HEZCI’N A

Proof. Define v := (1,2),w = (1,2), and for u = (uy,us) € N2, define T}, := T%* x T%2. Then
T, 2(A; x X) =T 2A; x X = Tx%(A; x X),
T7HX x Ag) = X x T2 Ay = TR3(X x Ay).

So for any n,

(5.3.1) TR?M(A) = TR (A x X)NTRZ(X x Ag) =T,72" (A x X)NT,™(X x Ag) DT, 2"ANT, "A.
After this manipulation, one can begin to see how Roth’s Theorem (Theorem will help in proving this lemma.
First, define Uy :={n e N:2n € dny}, Ex == Py N 2N, Oy = Oy N (2N + 1), we will use the fact that

Un|  |EN] 1
R AL N
|Pn|  [@n] 2

The proof of this fact can be found in the appendix, Lemma [A1]
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We now have

1
v(ANTL"A) > liminf —— V(AN (TL"A))
Z A N—oo |(I)N| neg\;ﬁﬂ\] A

. |‘I>N|> . 1 _
= lim ( lim inf —— v(AN (TL"A))
N—=oo \2|Uy| /) Nooco || n@I)zN:ﬁQN A
N— ———

lim inf ——
N—oo |(I>N| nedy

=1

— liminf ——— > vAN (TR A))

N—oco 2|Uy| nETy
(5.31) o .
> l}gélofm Z v(AN (T, “"ANT,"A)).

newvw N

Roth’s theorem guarantees positivity of the limit inferior on the right by applying the theorem to the system
(X2, T x T?,v), giving the desired result. [ |

Theorem is now at hand, all that remains to be done is approximate integrals of continuous functions G with
the measure of open sets contained in the support of G, allowing us to apply Lemma [5.3

Proof of Theorem[5.1] Since G is a continuous function from X? to [0,1] with positive v-integral, it follows that
there are open sets Uy, Us and a constant ¢ > 0 so that ¢(xy, ® xv,) < G and v(U; x Us) > 0. Apply the previous
lemma to these open sets Uy, Us and let U = Uy x Us to obtain

1
5.1.1 liminf —— v(UNTX"U) > 0.
(5.11) i g X MUNTED)

Since ¢(xv, ® xv,) = cxu < G, then for each N we have

1 n 1 c _n
|(I)N| Z X2G~(GOTA)dZ/Z@ Z C/XQXU.XTA_nUdVZCI)N Z V(UQTA U)

nedn nedy nedy

Taking the limit inferior, we obtain the desired result by applying (5.1.1). ]

To prove Theorem we first prove a statement concerning averages of vectors in L? spaces.

Lemma 5.4. Let (X,p) be a probability space, ® C N a finite set, {fn}nes C L*(n), and finally b: ® — C. Then
we have the following:

2

(5:4) < [lbll%

L2 ()

1 —

ned

7 2 bl

ned

L2 (pxp)

Proof. First we have
2

:/@%fn)(';mdu:';g S [ T

med n,med

é S b(n)

ned L2(p)



Applying the Cauchy-Schwarz inequality and consolidating, we get

‘/mﬁmﬁ nm@ﬂ/hﬂﬂu

o 3 [ (T T Sl )

n,med XxX

2

IN

o1

n,med n,med

S@BAX N (fa®Fa) (Fn ® fin)| Al x 1)
x n,med
2

d(p x )

o [ S e

ned

S et

ned

2
=[]

L2 (pwx )

Scaling the above inequality we derived by @, we obtain

/nmw‘

Finally, combining the first computation with this inequality, we get what was desired, namely

1 _
\<I>| Zb < ‘T Z /f”fmd/‘< |(1>‘2 Z@ /fnfmd/u‘ <

L2( ) n,med

2

1 J—
n,med ned L2(px )

1 -
ned
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To complete the proof of Theorem we must first introduce the concept of uniform seminorms. We will only be
using the first and second uniform seminorms. The proof of their existence and some of their properties will not be

provided here, but they are central to the proof of progressiveness.

Definition 5.5. Let (X, u,T) be a measure preserving system. Define for any f € L°°(X, u) the s-step uniform

seminorm for s € {0,1,2}:

[ £ llwo(x 1) =/ [ dp,
X
1 & -
1711 (. :}EE;;;§:H7“f~fHwaM¢>:HEXﬂéﬁﬁzmy
||f||U2 (X, T) = hm *Z”Thf fHUl(XMT

Let Z; denote the Kronecker factor of (X, u,T), then if (X, u,T) is ergodic,
E(f|1Z) =0 < |fllv2cx,u1) =0

We show below the analagous statement is true for the case k = 1 with E(f|£), but we use the statement for

U?(X,p, T) without proof.

Remark. The uniform seminorms are defined inductively for any s € N as

+1
||f||%}s+1 (X,m,T) = hm *Z ||Th

T



16

The proof of their existence and further discussion can be found in [HK18]. These seminorms play a crucial role in
the structure theory of ergodic systems. Of particular interest is the fact that these seminorms control averages of
the form

1
] Z T"f1 - T*" fo---T*" fi,

nedn

L2 (w)

in much the same way as Lemma part (b). We refer the reader to Kra’s survey [Kra06], specifically Sections 5
and 6.

Computation for existence of || fllvr (x,pu,1)-

H H
.1 = . 1 *
11 ey = Jim 77> /X foT"-f du= I}gnoo<HZfoTh,f> = (E(f16), 2wy,
h=1 h=1

L2 ()

where the equality marked by x is a consequence of the mean ergodic theorem. For any &/ C %, we have that

(E(f1), ) = |E(f|) |22 25

/Xg du=/XE(g|@7) dp,

giving
/ E(f|)T du = / E(E(f|)T|of) dy = / E(fl)E(led) dps = |E(f1)][2-

So ”f”%n(XJhT)::Hﬁxngﬁ”%%uy -

With the seminorms defined, we collect some useful properties of theirs to assist in the proof of Theorem [5.2]

Lemma 5.6. Let (X, u,T) be a measure preserving system, f € L (u), ||f]
Definition 5.5, Then

vi(x,u,1) fori=0,1,2 defined as in

(@) 11f ® Fllor ey < 1A x -

(b) For integers c1,co > 1, there is a constant C independent of the system so that for any fi, fo € L (u) with
lfilloo <1 and for any Folner sequence @y, we have

1

Tcln 'Tch
@] > fi f2

< O min{[| fillv2x 1) }-
nedy o

L2 ()

(¢) Letc e N, p e M(X) be TC-invariant, and p < Dy for some D > 0. Then for any f € L>(u), we have

1fllv2(x.p.1e) < DVell flluz(x -
Proof of Lemma parts (a), (c). This is the same proof provided in ([FH16], Appendix A.1). Notice that

[ 1| =| [ B < [ 1B i = 1B 20 L200 = 1B 2260

for any sub c-algebra &/ of %. In the case of &/ = &, this computation yields | [ fdu| < [|E(f|&)||r2¢0 =
1o -
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Now write .Z for the o-algebra of (T x T')-invariant sets in X x X, & for the o-algebra of T-invariant sets in X.

Hf®7HQU1(X><X,H><p,,T><T) = ||E(f®?‘y)”%2(u><y,) = <E(f®?|y)7f®?>L2(uXu)
N-1

= lm = SRR eT)

n=0

= lim — Z/T"f (@)dp(z )/(T”f?)(y)du(y)

N—oo N
' 1 N-1 . 2
N-1

I A

hm Y Z 17" f - f”Ul(X,u T) = Hf||4U2(X,H,T)'

We also have that for any k& > 0,c¢ > 1 that || f[|yx(x,u1e) < caF I fllok (x,p,m)- We prove this by induction, the case
k = 0 is trivial since all quantities considered are the same. Now suppose we have the inequality for k — 1, then

. 1 L —p k=1 gk—1 h ok—1
Hf”Uk (X Te) = ngnoo T };} 1T f - fllTe=1(x ey < lgnoo e z—:o ¥ 1T f - Fllern-1x pry <

cH—-1

] c 1 _ — ok—1 k
lim == Y T Flfe = I I
h=0

s
= fllorx,prey < 2 || fllokx,um)
Now examining (c), since p < Dy, then ||f||U2(X7p7Tc) < DHfHUZ(X’#’Tc) < Dci ||fHU2(X,/,L,T)'

The other item (b) is proved in [FK24], [Hos08|, specifically (b) is a consequence of ([FK24], Lemma 3.1) with
([Hos08], Proposition 1). |

While we provided citations for the proof of (b) above, we did attempt to recreate the proof independently over
Fglner sets. These attempts were unsuccessful, but we refer the reader to Section 5 of [Kra06] for insight into how
the uniform seminorms control the average in (b) via the Van der Corput trick. We are now ready to prove two
major ingredients in Theorem

Lemma 5.7. Let (X, u,T) be a measure preserving system, k € N, and v € M(X?) be (T x T?)-invariant. Assume
that the marginals of v satisfy v; < ip for i =1,2. Then for fi, fo € L=(X),

(5.7) lim sup

N—o00

1
@n > TA(f1® f2)

3 .
<2:C min {Ilfillo2x iy } 5
nedy o

L2(v)

where C' is as in Lemma part (b).

Proof. Define ¥ as (5.7) in the proof of Lemma that is Uy = {n e N:2n € &y} = %((I)N N 2N). Similarly
define an analogous set for odd elements, Oy = {n € N: 2n + 1 € ®y}. Both of these sequences ¥y, Oy form
Folner sequences in N, this is proved in the appendix, Lemma If we define Exy = Py N2N,On = Py N(2N+1),
then we see that Vx| = |Eyn|,|©On| =|On|. By Lemma [A1] and its proof, we know that

. |Ex|l . |On|] 1
lim —— = lim —— = —,
N—oo |y  N—oo [Py 2

so it follows that

K2 I | 7Y
N—ooo 2|1U | N—oo 2|0

(5.7.1) =1.
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Now for each N, we have

\<I> | > TR(A® fa) = (Z MA® )+ Y T f1®f2)>,

nedy nevy neGdN
2n+1
\(I) Z TA(f1® f2) < Z "(f1® f2) | Z T (fi® f2)
nedy L2(0) nE‘I’N L2(0) nE@N L2(0)
Applying subadditivity of the limit superior and (5.7.1),
(5.7.2) lim sup Z TR(f1 ® f2) <
N—o0 |® nedy
L2(0)
lim sup > TRVA @ fo) + Z TR (f1 @ f2) <
N—oo |‘I)N| Uy €O
n L2(o) nedOn L2(o)
lim su T3 (fL ® + lim su TQ”'*'1 ® =
N |‘I>N| ZI; (1@ f2) N |‘I> Z@: (h®f)
n L2(0) ne L2(0)
lim su ® + 1 () @ <
msup || o Z "1 ® fa) im sup 2|@ Z (f1® f2) <
L(o) L*(o)
1
— | limsup || —— Z T3 (f1 ® fa) +11msup Z TN fL @ fa)
2 N—o0 cw )
n N L2(c ) ne N L2(U)

So it suffices to show that (5.7) holds for each average along Uy,Opn. Let j € {0,1}, and define ¢1 j(x1,22) =
T7 fi(z1) ® 1, 92,5(w1,22) == 1 ® T fo(x2). Let S =T x T?, and observe that

S gy (21, 22) = T*"H fi(21) @ 1,8"ga (21, 22) = 1 @ T fo(2).

With this reformulation, we can apply Lemma part (b) to (X2, v,S), the functions g; ; and the Fglner sequences
Uy if =0, 0y if j =1 with ¢; = 2,¢1 = 1 to obtain

(5.7.3)
lim sup Z "(f1® f2) = lim 1Sup Z 5%"g1,05" 92,0 < C min{|lgiollv2(x2.0.9)}
N—o0 ‘\II | 1=1,2
nE‘I’N L2(v) nevy L2(v)
. 1 n . 1 n n .
limsup || 77— T f1 @ fa) = limsup || =y > 59118 gan < C min{|lgi1llvz(x2,.9) )
Nooo |||ON] el Ly N |ON] o5 o i=1,2

where C' > 0 is as in Lemma part (b). Now ||gi jllo2(x2,0.9) = |77 fillu2(x,v;, %) by examining the definition of
Il fllor2(x 1), SO We can apply Lemma part (¢) with p = v; and see that
; 3 3
N9i.5llo2(x2.0,8) = 1T fillvz(x sy < 21T fillo2(x oy = 22 | fillo2(x 1)

since || fllvz2(x, 1) = IT* fllo2(x,1) for any k by definition. After combining this observation with (5.7.2) and
(5.7.3), we have

Z TR(f1 ® fa)

nedy

lim sup
N—o0

3 .
|¢) <22 C min {[|fillo2(x,u) }-
12(0)

Lemma 5.8. Let (X, u,T) be an ergodic system, ® = (®x)n Folner, and left 7 € M(X?) be Idx T x T?- invariant.
Assume further that the marginals 7; have 7; < ip fori = 1,2, then for any f € L*°(u) and any bounded b : N — C,
we have

(5.8) lim sup

N—o0

< [llloo £ w2 (x a1y -
L2 ()

@N‘ > bn)- AT fo1)

ned
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Proof. Let v = 71 x 71, where 71 = (m1)«(7), m1 : X — X by m1(20,21,72) = 1, or equivalently v = (m; x
m1)«(7 X 7). Then v is T x T-invariant, and 71 < p, but then 71 = u since they are both probability measures, as
if 71(A) < p(A), then 71 (A°) > pu(A°), a contradiction. So v =71 X 71 = pu X p.

By the definition of the uniform seminorms, we see that
LY @xTyred
O]

nedy

=|f® ?||U1(XXX,M><;L,T><T)~
L2(pxp)

lim sup
N—o00

Now by Lemma part (a), we have that || f @ fllor (xxx,uxpurxT) < Hf||?]2(x .7 SO in summary we obtain

1

n] Z (TxT)"(fef)

nedyn

. 2
ngnoo < ”fHUQ(X,,u,T)'

L2 (uxp)

Now to apply Lemma we can write (1® fR1)®@ (1@ f@1) = (f® f)o(m xm) and v = (71 X 71)«(T X 7)
to obtain

[ teFauxn=[  geDemxmdrxn=[ (Qefe)eTofo ),
XxX X3x X3

X3x X3

and so for each N, we have

1 —_— 1 -
Bo 2 et =l=m S aerrene@er e
|| PN
nedy L2(pxpe) nedy L2(rx7)
2
(5.4) 1
— 19T f®1
=N rsw Y 1eTfel)
nedy

L2(7)
Taking the limit superior of both sides and using Lemma part (a), we finally arrive at
2

1 — 1
£ 11272 (x py = limsup || -— Z T"fQT"f > limsup || =— Z 1eT"fe1l)
e Nooo || |®N] Nooo || |®N]
nedN L2(ux 1) nedN L3(r)
We are essentially done now, as if b: N — C is bounded, then
1 1
limsup || —— n)(1T"f®1 < limsup ||b]|eo || =—— 10T"f®1
maw |5 30 M e TS @) sup bl |51 - (18T 01)
N L2(7) nedy L2(7)

< 1blloo I f llor2 (x 1) -

The following lemma is the final step in the proof of Theorem [5.2

Lemma 5.9. Let (X, u,T) be an ergodic system, a € gen(u, ®), (Z1,m, R) the Kronecker factor of (X, u,T). Let
(Y, S) be another Kronecker system, then for any g € C(X),y € Y, F € C(Y),

. 1 n n
(5.9) lim sup o] Z g(T"a)F(S™y)

N—o0 nedy

< B2 L1 onzy) - [1Fllso-

Proof. Pick a subequence (N;) such that

(a)

LS gamayp(sty)|.

1
lim | —— g(T"a)F(S™y)| = limsup
Z N—oo |‘1’N|nE¢N

j—o0 |®AG|”E¢Nj

(b) (a,y) € gen(p, (®y,);) for some T x S-invariant measure p on X x Y.
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Note that the second marginal of p must be my, as ps is S-invariant and Y is a Kronecker system, so it is uniquely
ergodic. It also follows that the first marginal of p is equal to p since a is generic for p along ® and (a,y) is generic
for p also along a subsequence of ®.

Now write § := E,(g|27) o m, where 7 : X — Z; is the factor map from X to its Kronecker factor,

1
(5.9.1) lim | —— Z g(T"a)F(S™y)| = ’/ g® de‘ < ‘/ (9—9)® de‘ + ’/ J® de‘.
i=oo || P | ey XxY XxY XxY

Since E,(9—g|Z1)om = 0 p-a.e., we claim then E,((g—g)®1|% ) oy = 0 p-a.e., where ¢ : X XY — Uy is the factor
map to the Kronecker factor and % is the o-algebra corresponding to the Kronecker factor of (X x Y, p, T x S).
Let A4 = {@,Y} be the trivial o-algebra on Y, and observe that 27 ® A4 C %, as if f is a p-eigenfunction for T,
then f® 1isa T xS p-eigenfunction, as (71).p =, sowe get f®1oT x S=Af®1 p-ae.

Since % is the o-algebra generated by T x S p-eigenfunctions, and 27 is generated by T' u-eigenfunctions, then we
have that every generating set of 27 ® 4" is %;-measurable. Also observe that since p is a joining,

E((g-9)@1ZARAN)=E(9—3§|21) @ Epny(1AN)=E,(9g—§|21) @1 p—ae.

All of this gives the following, where equalities are p-a.e.

0= E,(Eu(g - §12) @ 112) = E,(E,((9 — §) @ 1|21 ® )| %) DL E,((g - §) @ 1|2).

Moreover, 1 ® F' is % -measurable, as Y is a Kronecker system and F' € C(Y), so E,(1® F|% ) =1® F. Viewing
E,(-|%) as projection onto the subspace in L?(X X Y, p) of %;-measurable functions, we see that (¢ — §) ® 1 and
1 ® F are orthogonal, as E,((g — g) ® 1|21) = 0 while E,(1® F|7%1) =1® F. So [y (9 — ) ® Fdp = 0.

We are left to understand the final term, fXXy g ® Fdp:
(92) [ aera|<iple:| [ aeri] = 1Fl. | [ ad] = 1P10EG 20100,
XXY XxXY X

Combining (5.9.1) and (5.9.2)), we have what we wanted. |

Finally we move to the proof of Theorem

Proof of Theorem[5.2 By Stone-Weierstrass, we can show the statement for all functions of the form f; ® fo, where
fi € C(X)and 0 < f; <1, in place of G € C(X?). We wish to show the following

= 0.
L*(o)

lim
N—oo

B 3 (IR L9 1) - TR08 /15 1)

nedy

Write g; = E(f;|247) o, and observe that TR(f1 ® fa® 1) = f1(T"a)(1 ® f2 ® 1) o-a.e. By applying the triangle
inequality a few times, it suffices to show each of the following quantities are zero.

(5.2.1) Jim ®nl Z SilT"a)TR(A® f2®1) = fi(T"a)TX(1® g2 ® 1) )
oo N nedy L2(0)
: 1 mn mn mn
(5.2.2) im || — > AT")TR1®g®1)-TR(1® g & g2) :
N—o00 |¢N¢ D
n N Lz(o)
(5.2.3) lm = 3 (T2(1® fi @ fo) - TR @ g1 @ 32))
L. 1m —_ —
N ||[R] Lo AT ILE I TIALEAEE

L2(o)

(5.2.1) is zero by Lemmal[5.8 and (5.2.3) is also zero by applying Lemma as E(f;—g¢:|21) = 0 almost everywhere,
which is equivalent to [|f; — gillv2(x,ur) = 0. For (5.2.2), we must do some more work, specifically we will
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approximate F(f|%7) with continuous functions. Note that showing (5.2.2) is zero is equivalent to proving the
analgous statement for the measure & € M(Z3), specifically

(5.2.4) lim

N—oc0

=0.
L2(8)

ﬁ Z fl(T"a)TX(E(fﬂffl) ® 1) — TX(E(fﬂa@pl) ® E(fz‘%))

nedby

Let € € (0,1), and for each i = 1,2, let h; € C(Z1) so that |E(f;|21) — hillz2(m,,) < &. We can assume further
that 0 < h; < 1, since 0 < f; < 1, then 0 < E(f;|Z21) < 1 prae., asif By = {z : E(f;|27)(z) > 1} € £ has
u(Er) > 0, then mz, (Ev) < [ E(filZ1)dmz, = fﬂ_l—lEl fidp < p(ny Ey) = my, (Ey), a contradiction. Similarly
E(fi|21) > 0 a.e. With this in mind, we can let h; € C(Z1) so that ||E(f|21) — hil|L2(m,,) < €, and we can define
hi(z) = hi(x) if 0 < hl(x) < 1, otherwise h;(z) = 0 if h}(z) < 0 and h;(x) = 1 when h}(z) > 1. h; will be a better
approximation of E(f;|27) in L?, will still be continuous, and takes values in [0, 1].

With this bounded, continuous approximation, we will now show three statements to prove (5.2.4).

: 1 mn n mn mn
(5.2.5) limsup || — Z (T a)TR(E(f2|27) @ 1) — hi(m1(T"a))TR(he ® 1) <e+ /e,
Nooo || 1PN s
ne®N L2(8)
: 1 mn mn mn
(526) NIE;HDO m Z hl (71'1 (T a))TA(hQ & 1) — TA(hl ® h2> = 0,
N nedbn L2(€)
. 1 n n 4
(5.2.7) hjgnsup o Z Tr(h1 ® ha) — TA(E(f1]27) @ E(f2|27)) < V2e.

L2(8)

(5.2.5) will be proved using both L? approximation and Lemma (5.2.6) will be shown using the definition of &,
and (5.2.7) will follow by L2-approximation.

(5.2.7): Recall that both h;, E(f;|27) take values in [0, 1] for mz,-almost every z € Z;. Let A C Z; be the set of
all z such that (hy — E(f1]27))(2) € [—1,1], then mz, (A) = 1, and letting B be the same set for hy — E(f2]27),
then B is also full measure. Since & = myz,, and & < 2myz,. Now (A x Z1) = &(A) = mg, (A) = 1, and
E((Z1 % BY) = €(Z1 x B) = &(B%) < 2mn (BY) = 0, s0 &(Z x B) = 1, thus £(A x Z1) N (Z1 x B)) =
E(A x Z1)§(Z1 x B) = £(A x B) = 1. All of this to say that (hy — E(f1|27)) ® (he — E(f2|Z27)) takes values in
[—1,1] &-a.e. This allows us to make the following estimate for each k € N.

/Zz TR (b ® he) = TR(E(f1] 21) ® E(f2| 20))[*d€ < /Z [T (b ® ho) = TR(E(f1]21) ® E(f2| 1)) Idg
Now by Cauchy-Schwarz and §; < imz,, we have by T-invariance of mz,
ITA(h1 & ha) — TA(E(f1127) ® E(f2l 20)ll2r ) < I1T* (b1 — E(Ail20) | L2(ey) - T (ha — E(f2] 20)) || 12(e,)
< | T*(hy = E(AIZ) I L2(myy) - V21T (he = E(f2l 20)) |22 (ms,)
= |h1 = E(AilZ)l22(mz, ) - V2Ih2 = E(f2| 20) || L2(ms, ) < V267
Thus we have for each k£ € N,
ITX (b1 @ ho) = TX(E(f1]21) ® E(fo| 20))|72(¢) < V2¢°.

Then by applying the triangle inequality to each term in (5.2.7) and taking the limit superior, we get what was
desired (since each term in the average has L?-norm less than v/2¢).

(5.2.5): Apply the triangle inequality once again to obtain

limsup | —— Y fi(T"a)TR(E(f2|21) ® 1) — ha(m1 (T"a)) TR (hy @ 1) <
Nooo |||®N] =
nedy L2(¢)
1
(5.2.8) limsup | —— > AT"Q)TR(E(f2]20) @1) — f1(T"a)TA (hy @ 1) +
N—o00 |(I)N| neEd N

L2(8)
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LS A@ T (e © 1) — iy (T70) TR (ha @ 1)

(5.2.9) lim sup
|¢N¢nE¢N

N —o0

L2(¢)
By the definition of hy, &, and T-invariance of mz, , we have that for each k, | T (E(f2| 27)®1) =Tk (ho®1)| 12¢¢) =
HTk(E(fQ‘%) — h2)||L2(£1) < e. Since 0 < fl <1, then

IF1(T*)TX(E(f2]21) © 1) — f1(T"a) TR (ha @ 1) 12(e) < |ITA(E(f2| 21) © 1) = TR (h2 ® 1) | 12(e) < e
So (5.2.8) is bounded by ¢ by averaging.

We will apply Lemma to (5.2.9). Since f1, hi,m are all continuous, then f; — hy o 7y is continuous on X, and
a € gen(u, ®), hy € C(Z), then an application of Lemma [5.9]seems close. Now || fi —hiomi|lsoc <1and 0 < hy <1
on all of X, Z; respectively, so for each N € N,

2
<
L2(8)

Fg;T 2: Cﬁ(T%a)—}M(Wﬂjma»)Tk(hngl)

nedy

G 2 (BT~ ha(m (1) TS (e 0 1)

nedn

L&)

since the integrand on the LHS is bounded above by 1 everywhere. With this, we extract the following

. 1
limsup || =—— Y (f1(T"a) = b1 (1 (T*a)))TA (ha ® 1) =
N—oo |®N¢ cd

n N Ll(ﬁ)

1
limsup/ ST (1= o m) (TR ) Th (e @ 1) dé <
Nooo Jzz ||®N] S5

1
[ imsup | 37 (i om) (TR )T (e 1) d <
72 Nooo |[Pn] S

sup limsup

(@y)ez2 N ﬁ Y ((fi = b om)(T a))(hy ® 1)(T*2, Ty)
z,y)€Z2 N—oo

nedy

Now (Z1 x Z1,T x T) is a Kronecker system and hs ® 1 € C(Z%), so by Lemma [5.9] for any (z,y) € Z2,

lim sup
N—o00

ﬁ Z ((fl — hl Oﬂ-l)(TkCL))(hz ® 1)(Tk(E,Tky)

nedy

IE(fr = hiomi| 2D Limz,) - 10 @ Uleo S NE(AZ21) = MallL2ons,) -1 < e

<

Thus

sup limsup
(z,y)€z7 N—oo

<eg,

@ Z ((f1 = hy o) (T*a))(hy @ 1)(T*z, T*y)

nedy

and with that we have the desired bound for (5.2.5).

(5.2.6): We will use the definition of &, recall that we defined

. 1
E:: lim m Z (;Tnﬂrl(a) X 5T2"7‘r1(a)

N —oc0
nedy

for a point a € gen(u, ®), with this limit being taken in the sense of weak-x convergence. This limit is the same
regardless of the Fglner sequence it is taken over. In fact, £ is the unique T x T2-invariant measure on the orbit
closure of (71(a),71(a)) € Z? under T x T?. All of this will be crucial in proving (5.2.6).
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Since @—1“ Yoncaoy Pi(m(T"a))TR(he ® 1) — TR (h1 ® h) is continuous for each N € N, we can apply the definition
of £ using the Fglner sequence ® to get

(5.2.10)
1 2
Jim Bl D h(m (T a)TR(he @ 1) = TR (h1 @ ho) =
N ned N L2(¢)
1 1 ?
lim _ hi(m(T"a))(T"he ® 1) — —— Thi QT"h d¢ =
N |(I)N|n§1v 1(m(T"a))(T"hy ® 1) |@N|n§N( 1 2)| d§

2
lim lim Tl Z]|<I>N > ha(m(T"a))ha(my (T a))f@ ST h(m (T a) - hy(my (T27a))|

N—o00 M—00
med ), nedn nedy
Let a = m1(a), and let

1 . 1
UN = @n Z 01y (@), V = J\}gnoo ox] Z o (a,a) = (Raa))«ma,

nedy nedy

where ma is Haar measure on {(z,2) : 2 € Z1} < Z; X Z;. This limit exists and is independent of Fglner sequence
as argued in Proposition Let S =T x T?. Note that for any m € N,

1 1
lim —— hi(T"a)ho (T ™a) = li
im B Z 1(T™a)hao( a) im

Jim R R > h@ho((TR ™0 8™)(@,a) = | hi@hyo (TL™ o0 S™)dy

2
nedy nedy Z3

(v is Ta-invariant, Ta and S commute) = / hi ® hy o S™dv.
z3

1 1
r h trn+nw'h n+2m ~ ::1~
im B E 1( a)ha(1 a) im

Jim, Jim o 30 b @ ha(TR e §™)@) > [ b @hao 5.

2
nedy nedyn Z3

Let f, = h1 ® hg 0 S™, we claim {f,, }men is an equicontinuous family of functions on Z%. Let d be a Z?-invariant
metric on Z7. Now if « is the element defining the rotation T, then S(z,w) = (2 + a,w + 2a), so S is an isometry
of Z%. Thus {fm }men is an equicontinuous family of functions.

To see this, let € > 0, then there is a § > 0 so that d(z,y) < § = d(fo(z), fo(y)) < €, as Z} is compact, so
fo is uniformly continuous. We claim this § works for all f,,, as d(fm (), fm(y)) = d(fo o S™(x), fo 0 S™(y)) =
d(fo(x), fo(y)) < €, thus we have an equicontinuous family. Then by the Arzela-Ascoli theorem, since {fn, }men 18

uniformly bounded by 1 and equicontinuous in C(Z?2), then this family is precompact in the uniform norm topology
on C(Z%).

Note vy — v in the weak-* topology. Now for any & > 0, there is an e-dense set g1,...,gr € {fm}men. With

this, we obtain uniform convergence in m for f fmdvn — f fmdv. To see this, let N be such that n > N =
| [ gidvy, — [ gidv| < e for each i = 1,...,k, then for any m, there is g; so that || fim — gil|cc < &, and thus

’/fmdun—/fmdu < ‘/fmdun—/gidun + ‘/gidz/n —/gidv + ‘/gidu—/fmdv

In other words,

< 3e.

1
G 3 (n® koo ST(TR@) = [ 1 @ hao 5,

ned

1
| Y (i @hyoS™)(TR™(@,a) = /h1 ® hy o S™dv

ned
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uniformly in m. With this, we can show (5.2.10) is zero. Let € > 0, there is K so that N > K gives for each m

<e,

1 ~ ~
Dy Y (i @hyo S™)(TR(a,a)) /h1 ® hy o S™dv
oN

|¢N| > (@ hao S™Y(IR™(0,0) - [ b o haoSmay| <

nedy
Then, investigating the quantity in (5.2.10), for N > K and any M,

2

1
hi(mi(T"a))h T g hy (7 (T" ™a) - h Tt <
B Z @ N| > h(m (T a)h(my (T "a)) - @N' > (T ") - ho(m (T77a))| <
med ned N nedy
2
3 > ha(m(T"a))ha(mi (T a ))—/h1®h205md1/
1 Z ‘ N‘ nedy <
|<I)M‘ med 1 2
M + /h1®h20Smdll77 Z hl(’/Tl(Tnera))‘hg(ﬂ'l(TnJr ma))
|¢N| nedy
Z 4e? = 4%,
|<I)M‘ med s
Thus for N > K,
2
1
li T Tn+m Tn+m . Tn+2m <9 2.
A 2 | — Y M ha(m (T 0) = 5 3 () - ha(my (T2 | < 2
M nedy nedy
It follows that the double limit in (5.2.10) is zero. [

APPENDIX A. FGLNER RESULTS

We collect some technical results concerning Fglner sets used earlier in the paper.

Lemma A.1. Let @y be a Folner sequence, and define Uy == {n € N : 2n € ®dy}, Ey == Oy N 2N, 0Oy =
Oy N(2N+1). Then
N BN 1

lim —— =1 —_— =
Ngnoo ‘(I)N‘ Ngnoo |(I)N| 2

Proof. Observe that |Uy| = |En|, so we will just prove the statement for the second limit. Define Fiy .= {n € Ey :
n—1€0n},Gy ={n€On:n—1€ EnN}, let e >0 and let N be such that n > N implies
[(@n +1) N80
Dy
Now observe that E, \ F,={n € E, :n—1¢ ®,} C P, \ (P, + 1), so |E, \ F| <¢e|P,|, giving that
|Fn| _ |En‘_|En\Fn| _ |‘Dn|
= >1—¢ ,
| En| | En| | En|
|Fnl > [Ep| — & ®n].
A symmetric argument yields that |G,| > |0,| —€|®,|. Since F,, = E, N (0, +1), G, = O, N (E,, + 1), then both
[Fn| |Gnl _ 1
|Dn” [@n] ~ 2
as if not, since the even and odd elements partition ®,,, we would get
Bl 1 1Bl | (Rl |l
[©n| © 27 [@n] T [Pn] D4
| En| + |On On| _ 1 | P

n O] 1
=1= < —. But then < < -
@0 |®n| 2 || T |Pn| 2

>1—c.
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This yields a contradiction, as does the case where ‘\g:\‘ > % Putting all of this together, we have
1 E F 1
LBl IRl _L
2 @y [@n] — 2
L0 _[Gal 1
2 Dy [@n| T 2
So each of ‘If;:l‘7 \g:“ goes to %, but more importantly we extract that
1 |E,| 1 1 O, 1
5 —2< <ote5—-2< <-+¢
2 |®n] =2 72 [@n] — 2
so each of these ratios also converges to % |

Lemma A.2. Let &5 be a Folner sequence, ¥V ,On as defined in Lemma then Vy,On each form Folner
sequences.

Proof. En,Oy are defined as in Lemma[AT]

We show ¥y form a Fglner sequence. Notice that n € Uy N(¥y +1) <= n,n—1€ Uy <= 2n,2n—2 €
Oy < 2ne ENnN(Enx+2),s0 |[YnyN(Ty+ 1) =|ExyN(EN +2)| for each N. Let N € N, then

Exn(E 2 E Exn(E 2 1
|En (N+)|§|N‘:>limsup‘N (N+)|§7_

‘(I)N‘ |(I)N| N—o00 |‘1)N| 2
We will prove the opposite direction of this inequality for the limit inferior. Observe that ENA(En + 2) C

ONA(Py + 2). We take care to explicitly note this, as the inclusion fails if one considers ENA(EN + 1)
En U(Ex +1). Let € > 0, and let N be such that for n > N, we have

(A2.1)

[(D,, + 2)AD,| . |E,| _1) -
|Pn Cleal 2
_ Bnl B0 (Ba 42| | BB +2)| _ [Ba 0 (En+2)] | [P0+ 28| _ |En O (B +2)|
|©n| | @0 @0 - @0 @0 | D0
1 |En| _ |En N (En +2)| 1 |En N (En +2)|
=np>N=>=—¢c< < te=> - —2e < T2
2 | @y | Dy 2 | @y
So for each & > 0, there is an N after which W > % — 2¢, thus
. EaN(E+2)] 1
2. R St L2 B S
(A.2.2) lﬂlglof D) 25
Putting (A.2.1) and (A.2.2) together, we see that
Uy N (T 1 Exn(E 2 1
N—o0 ‘(I)N‘ N —o00 |(I)N| 2
We know from Lemma [A ] that
|| [En| 1

so combining this with (A.2.3),

NN (Y + 1)) o en NN (U + D))
lim lim —— ] = lim =1.

_1 =2

So Uy forms a Fglner sequence. Since |On N (On + 1)] = |On N (On + 1), an identical argument will show that
On also forms a Fglner sequence. |
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